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1 Introduction 

The one-dimensional two-phase model of the drift-flux type is frequently used to simulate un- 
steady, compressible flow of liquid and gas in pipes and wells (cf. [1, 4]). The model consists of 
two mass conservation equations corresponding to each of the two phases gas (g) and liquid (l) 
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and one equation for the momentum of the mixture and takes the following form 

dt[agPg\ + dx[agPgUg] = 0, 

dt[aipi] + dx[aipiui] = 0, (1.1) 

dt[agPgUg + OlPlUl] + dxiOgPgUl + OlPluf +p] = " ^ + [^^^ ] , 

where Umix = ctgUg + aiui and the unknown variables ag,ai G [0,1] denote volume fractions 
satisfying the fundamental relation: 

ag + ai = l. (1.2) 

Furthermore, the other unknown variables pg, pi, Ug, ui denote gas density, liquid density, 
velocities of gas and liquid respectively, whereas p is the common pressure for both phases, q 
presents external forces, like gravity and friction, and e > denotes viscosity. 

As in [5], we assume the liquid is incompressible, and the gas is polytropic, i.e., 

pi = constant, p = Ap^, 7 > 1, A > 0. 

For the relation between the drift-flux model and the more general two-fluid and the simpli- 
fication of the model, one can refer to [6] and [5] for more details. Here, we have skipped them 
and we directly study the following gas-liquid model described in terms of Lagrangian variables 
(cf. [5]) with frictional force term —fm'^u\u\ (/ > 0) and gravity term g{> 0): 

rif + {nm)ux = 

mt + m?Ux = 0, (1-3) 
ut + p{n,m)x = —frn^ulul + g + {e{m,n)mux)x, < x < 1, t > 0, 



with 



n \^ Brfi 

p{n,m) = A[ , e(m,n) = - A, B > Q. (1.4) 

\pi-mj {pi-my+^ 



Boundary conditions are given by 

n(0, t) = m(0, t) = 0, u{l, t) = 0, t > 0, (1.5) 

whereas initial data are 

n{x,Q) = nQ{x), m(x, 0) = mo(x), n(x, 0) = Uo(x), x€[0, 1]. (1-6) 

Without loss of generality, we take A = B = 1. 

Let's first review some of the previous works in this direction. For the simplified model 
obtained by neglecting frictional force and gravity in (|1.3p . there has been a large number of 
research results when the viscosity function e(m, n) takes different forms. Clearly speaking, Evje 
and Karlsen in [3] studied the existence of the global weak solutions when the initial masses 
connected to vacuum discontinuously for the viscosity function e{m, n) taking the following form 
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This result was later improved to the case 9 G (0, 1] by Yao and Zhu in [20]. When the initial 
masses connected to vacuum continuously, Evje, Flatten and Friis in [7] also obtained the global 
existence and uniqueness of weak solutions for the viscosity e{m,n) taking the following form 

•nP 1 
"(^'^)= ^^(O'g)- (1-8) 

When the viscosity is constant and the initial masses connected to vacuum continuously, the 
existence of global weak solutions was obtained by Yao and Zhu in |2jy. Recently, Friis and Evje 
in [5] proved the existence of global weak solutions to the initial boundary value problem of (II. 3p 
with initial data ()1.6|) and boundary conditions [p(n, m) — e{m,n)mux]{0,t) = 0, u{l,t) = 
when the viscosity e{m,m) takes the form (|1.7|) . 

However, there are few results on the asymptotic behavior and decay rate estimates for the 
initial boundary value problem (jl.3p - (|1.6p . In this paper, we rewrite our problem into (|2.2p - 
(|2.4p similar to the model of ID compressible Navier-Stokes equations with gravity by using 
the variable transformations as in O [7] and study the asymptotic behavior and decay rate of 
()2.2p - ()2.4p by similar line as in [2 |8l [26]. According to the method in [26] . we know that the 
uniform upper and lower bounds of cQ in (12. 2p and the uniform bound of 



1 

c^Q^+^ultdxds (1.9) 



play a very important role in studying the asymptotic behavior of cQ and u. In order to obtain 
these uniform bounds, we have to deal with the difficulties which come from the additional 
external force —h{Q)u\u\ in (12. 2p which is more complex than the only constant external force 
g in |26] . To overcome this difficulty, we use a priori assumption in the proof of the uniform 
upper and lower bounds of cQ. Furthermore, we obtain the higher regularity of the velocity 
function u by using a new skill. Clearly speaking, we get the uniform estimate of t)||LP([o.i]) 
{p = 2,4,5) and ||u|1l9([o,i]x[o,oo)) (q = 2,3,4) with the help of the recurrence method. The 
higher regularity of the velocity function u improves the estimate of IKHlzqo i]x[o,oo)) the 
previous works [2l[8l[26]. Based on these estimates, we get the uniform bound of (jl.9p . 

It is necessary for us to illustrate that the main methods used to obtain our results are 
similar to those in [21 |8l [26]. In view of this, let's review some of the relevant works about 
Navier-Stokes equations with density-dependent viscosity and vacuum. For the case without 
external force. Quo and Zhu in [11[ [T2] gave the asymptotic behavior and decay rate of the 
density function p{x, t) when the initial density connects to vacuum continuously. Zhu in [25) 
investigated the asymptotic behavior and decay rate estimates on the density function p{x,t) 
by overcoming some new difficulties which came from the appearance of boundary layers when 
the initial density connects to vacuum discontinuously. In yj] [12l [25] , the auxiliary function 
w{x,t) introduced by Nagasawa in [H] was used to investigate the decay rate of p{x,t). For 
the other case with gravity, under some assumptions on the initial data, Zhang and Fang in 
[8] proved that the solution converges to the stationary states as time goes to infinity provided 
E (0,7 — 1) n (0, ^] and 7 > 1. The stabilization rates were also estimated in several norms. 
Duan in |2j generalized part result in [8] , and showed that the solution converges to the stationary 
state in the sense of integral when 7 = 2, = 1. Recently, Zhu and Zi in [26] improved the 
results in [21 [8] in the sense that 6* e (0, 7 - 1] n (0, |]. 

The rest of this paper is organized as follows. In Section 2, the system is translated into a 
more simple one, then we give the definition of the weak solution and state the main results. 
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In Section 3, we derive some crucial uniform estimates for studying the asymptotic behavior 
and the decay rate estimates. In Section 4, the asymptotic behavior of weak solution will be 
given. In Section 5, we will establish stabilization rate estimates of the solution as time tends 
to infinity. 

2 Formulation of problem and main results 

In this section, we rewrite our problem (jl.3p - (jl.6p into (|2.2p - (j2.4p by using the same transfor- 
mations as in [31 1^, then we state our main results in Theorem 2.3 and Theorem 2.4. 
Firstly we introduce the transformations 

n ^, ^ m , , 

c=-, Qm = . 2.1 

m pi — m 

Form the first two equations of (jl.3p . we get 

rit n mnUx nmP 
Ct = ^mj = \ = 0, 

and 

m \ / 1 m 



Q{m)t = = + r2 mt 

Pi-mJ^ \pi-m [pi-myj 

Pi pm^ 

-mt = -kU, 



X 



{pi - m)2 {pi - m)2 

= -piQ{rnfux. 

Then we can rewrite the initial boundary problems ()1.3p - (|1.6p into the following forms: 
Q = 

Qt + PiQ^u, = 0, (2.2) 
^ ut + {cQ)l = -h{Q)u\u\+g + {c^Q^+%x)x, < x < 1, t > 0, 
with initial data 

(cQ,n)(x,0) = (coQo,no)(x), < x < 1, (2.3) 
and the boundary conditions 

(cQ)(0,t)=0, u{l,t)=0, t>0. (2.4) 

Here 

m} = fPij^. />o. 

and Co, Qo is given from [no, mo] according the transformations (12. ip . In particular, the first 
equation of (j2.2p implies that c{x,t) = co(x) := ^(x). 

Let {cQoo){x) be the solution of the following stationary problem: 

I (2.5) 

I (cgoo)(o) = 0. 
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Then 

{cQoo){x) = (gx)^ . (2.6) 
Throughout this paper, our assumptions on the initial data cq, Qo, uq are as follows: 

(Ai) Cixt < coQo{x) < C2X1 , < co{x) < C4X°', with some positive constants 

< Ci < C72, < C3 < C4, < Q < -; 

7 

(^2) uoeH\[0,l])nL^[0,l]), / X ^ ((cQo)' - (cgoo)^)'tZx < C; 

JO 

(A3) (c^Qj+%ox)xG^'([0,l]). 

Under assumptions {Ai)-{A3), we will study the asymptotic behavior of cQ and u provided 
that the global weak solution to the initial boundary value problem (j2.2|) - ()2.4p exists. In the 
Lagrangian coordinates, the definition of the weak solution to (I2.2p - ()2.4p can be stated as follows: 



Definition 2.1. (Weak solution) A pair of functions {cQ{x,t),u{x,t)) is called a weak 
solution to the initial boundary problem (|2.2p - (j2.4p . if 



c G C\[0,1] X [0,00)), cQ,u G L°°([0,1] X [0,00)) nC7^([0,oo);L2(0,l)), (2.7) 

c^Qi+^u^ G L°°{[0,1] X [0,00)) net ([0,00); L2(0,1)). (2.8) 
Furthermore, the following equations hold: 

Qt + PiQ^Ux = 0, a.e., 

and 

^u(t>t + {{cQy -c'^Q^'^'^Ux)(f>x + g(j)-h{Q)u\u\4>^dxdt + uo{x)(f){x,0)dx = 0, 

for any test functions 0(x,i) G Cq°{Q) with 17 = {{x,t) : < x < 1, i > 0} . 

Remark 2.2. (Existence of the global weak solution). To our knowledge, by using the 
standard line method (see [Sj [15] for example), it is easy to obtain the global existence of the 
weak solutions to ()2.2p - (l2.4p . The details are omitted. 

In what follows, C denotes a generic positive constant depending on initial data, 7 and 9, 
etc., but independent of t. 6, eo denote some positive (generally small) constants. 

The main results in this paper can be stated as follows: 

Theorem 2.3. Let cq, Qo, uq satisfy {Ai)-{A3), 7 > 1 and 6^ G (0, ^] n (0,7 - 1] n (0, 1 - 07]. 
There exists a constant < eo < 1, such that if 

\\uo\\l2<eo, [ x^-^/^{cQo-cQoofdx<eo, (2.9) 
Jo 

the weak solution ({cQ){x,t),u{x,t)) to the initial boundary value problem ()2.2p - (j2.4p satisfies 

lim(cQ)(x,t) = (cQoo)(x), (2.10) 

t— >-oo 
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uniformly in x G [0, 1] and 



lim sup \u{x,t)\ = 0, (2.11) 

*^°°XG[5,1] 



for any < 6 < 1. Furthermore, if we assume further < 7 — 1, then (j2.1ip can be improved as 

hm sup \u{x,t)\ = 0. (2.12) 

*-^°°xg[0,l] 

Theorem 2.4. Under the conditions of Theorem 2.3 and 9 < j — 1, we have 

\\{cQ' -cQl){;t)U^ <C(l + t)-3^^, (2.13) 

and 

lk(-,i)llL-([o,i]) <C(l + i)"^, (2.14) 

for all t > 0. 

Remark 2.3. If the coefficient / = of the frictional force term in (12. 2p and a = 0, C3 = C4 
in the assumption (^1), then (|2.2p is simplified into Navier-Stokes equations with gravity. In 
this case, we need not deal with the additional external force —h{Q)u\u\ in ()3.9p and derive 
9 € (0, ^] n (0,7 — 1]. Compared with the results in [21 [8l [26], our results can be viewed as a 
generalization of the ones in [21 [HJ [26] . 

3 Uniform a priori estimates 

In this section, we will derive some uniform-in-time a priori estimates for the solutions to ()2.2p - 
by classical energy method. First, we list some elementary equalities which follow from 
directly. These equalities will be used frequently later. 



Lemma 3.1 Under the conditions of Theorem 2.3, it holds that for < x < 1, t > 0, 

{{cQ f)t = 9pi{cQooV - OpiicQV - Opi r utdy - 9pi T h{Q)u\u\dy, (3.1) 

Jo Jo 



{cQy - {cQ 



00 J 



^{icQf)t- / utdy- / h{Q)u\u\dy, (3.2) 
Gpi Jo Jo 



and 



{{cQf - {cQoofU = -9pi{{cQy - {cQooT% - 9piut - 9pih{Q)u\u\. (3.3) 
Proof. The above three equalities follow from (j2.2p and (j2.4p directly. 

The basic energy estimate similar to [2] for the case = 1,7 = 2 and [5] is given as follows: 
Lemma 3.2. (Basic energy estimate). Under the conditions of Theorem 2.3, it holds that 



JO 



lo Y ^ pi Jq^ h"^ 

+ 11 h{Q)u^\u\dxds <Ceo, < t < 00, (3.4) 
Jo Jo 

where C is a positive constant, independent of t and eo- 
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Proof. Multiplying (I2.2j) 9 and (j2.2j) ci by ^ ^'^^^^°°> and w respectively, and integrating the result 
equations with respect to x and t over [0, 1] and [0,t], by using the boundary conditions (12. 4p . 
we have 

^:('-ui^-r^^^^^dh]dx. 

It follows from (Ai) and (g^]) that 



r f ° c2!ll_9Adhdx <C [ Q^^lQo - Qooll(cQo)^ - {cQ^y\dx 

Jo JQoo -'0^ 

<C f (cQoo)^'7r"'|cQo - cQ^\^dx 

<C [ x^-^^^cQo-cQoofdx, 
Jo 



where ^ is between cQq and cQ oo, hence we obtain 



r (lu' + L f"^ 2li!^--QRdh) dx + /* c'Q'+'uldxds 
Jo V2 PI Jq^ h? J Jo Jo 



t fi 

2| 



+ / / h{Q)u^\u\dxds <Ceo. (3.5) 
Jo Jo 

This completes the proof. 

Combining the the smallness of supi>o ||^i(', i)||L2(o,i) obtained by the basic energy estimate 
and a priori assumption, we could get the uniform upper and lower bounds for Q{x,t) which 
will play a crucial role in studying the asymptotic behavior of cQ and u. 



Lemma 3.3. Under the conditions in Theorem 2.3, we have 

KiQUx) < Q{x, t) < K2Qoc{x), (3.6) 

where {x,t) € = {{x,t) : < x < 1, t > 0}, Ki and K2 are two positive constants, indepen- 
dent of t. 



Proof. Let Y{x,t) = {cQf {x,t){cQoo)~\x), then due to dH]), we have 

Yt = 9pi{cQooy-'{l - y^) - 9pi (^(cQoo)-' £ udy^ - OpiicQo.)-' £ h{Q)u\u\dy. (3.7) 



Assume 



Y<C5 + 1, 



(3.8) 
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_e_ „ 

where = g ''C!^. The last term on the right side of ()3.7p can be estimated as follows 

f'X f'X f X 

-OpiicQoo)-^ h{Q)u\u\dy <C5{cQ^)-'^^ h{Q)dy + C{5) h{Q)u^\u\dy 
Jo Jo Jo 



<C6{cQooy^^ r Q^dy + C{6) f h{Q)u^\u\dy 
Jo Jo 

<C6{cQ^y r{Q^Q^)Ql,dy + C{5) f h{Q)uMdy 
Jo Jo 

< (75(cQoo)~^''[maxyi]x^"^"+^ + C{5) [ h{Q)u^\u\dy 

Jo 

< C6{C5 + l)i(cQoo)^"'(cQoo)"^~''x^-'"+^ + Ci6) [ hiQ)u^\u\dy 



< C6{C5 + ifHcQooV'^ + 0(6) C h{Q)u^\u\dy, 

Jo 







(3.9) 



where we have used Young inequality, and the fact 

which follows from ()2.6p and 9 <1 — wy. Then substituting ()3.9p into ()3.7p . we have 



1 

2| 



Yt<-epi\y{cQooy" udyj +C{6) h{Q)u'\u\dy 

Integrating the inequality above over [0, t] with respect to t, we have 

Y <Yo + 9pi{cQ^)-' (uo-u)dy + C{6) / h{Qy\u\dy 
Jo Jo Jo 

+Opi{cQooy-' [ {1-Yi +C6{C5 + l)hds 
Jo 

<Yo + 2epi{cQJ-^x^2 sup ( / u^dx] ' + C{6)eo + 0/9/(cQoo)^"^ / (1 - Y « + C6{C5 + lf^)ds 

t>o \Jo J Jo 

< Yo + Csup ( [ u^dx] \ceo + OpiicQ^y^^ [ {l-Y^ + C6{C5 + l)hds 
t>o \Jo J Jo 

<Yo + (Ceo)^ + epi{cQooV-' / {1-Y'o + C5(C5 + 

Jo 

(3.10) 

where we have used the fact 

which follows from (|2.6p and the restriction j >26 directly. From (|3.1Up . it is easy to get 

y(a;,t) <max{(l + C,5(C5 + l)i)^,yo + (Ceo)^} := K2, (3.11) 

where Yq = {cQoy{cQ^)-' < C^g-^ = C5. 

Now, from (13. Sp . (j3.1ip and continuity of Y{x,t), we can show that the priori assumption 
can be closed provided eo and 5 sufficiently small. Therefore the upper bound of Y{x,t) is 
obtained. 
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Next, we estimate the lower bound of Y{x,t). Similar to the estimate of the upper bound 
of t), one has 

Y{x,t) >Yo- (Ceo)^ + 0pi{cQ^y-' [\l -V'e - C5)ds. 

Jo 

It is easy to get 

Y > min{(l -CS)^,Yo- (Ceo) 5} := Ki. 
The proof of Lemma 3.4 is complete. 

The next lemma will be used for many times later, and it has been proved by Duan in [2] 
for the case = 1,7 = 2. 

Lemma 3.4. Under the conditions in Theorem 2.3, it holds that 

t rl 

u^dxds < C, (3.12) 



/o Jo 

where C is a positive constant, independent of t. 
Proof. Since u{l,t) = 0, we have 

\u{x,t)\ < / \uy{y,t)\dy 



= / \uy{y,t)\c2Q 2 c 2Q 2 dy 

J X 

< y\'Q'^'uldyy ^l\-'Q-('^')dyy 
<c( ['c'Q'+'uldyV ( [\-(^+'^Q-(^+'h 



X 



It is easy to see from (|2.6p . (|3.6p and (^41) 

/ / {cQ)-^^+^Uydx <C I I y'^dydx < C, 

Jo Jx Jo Jx 



provided 9 < 2j — 1, and 



/ u'^dx < [ c^Q^+\ldx [ [ {cQY^^+^Uydx <C [ c^Q^^^uldx. (3.13) 

Jo Jo Jo Jx Jo 

Using (j3.4p . we get ()3.12p immediately. This completes the proof of Lemma 3.4. 

Next lemma plays a crucial role in dealing with the frictional force —h{Q)u\u\. The proof is 
based on recurrence method. 
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Lemma 3.5. Under the conditions in Theorem 2.3, it holds that 
'1 rt rl rt /■! 



pi pt pi pt pi 

/ \ufdx+ / h{Q)\ufdxds+ / c'^Q^+'^lufuldxds <C, (3.14) 
Jo Jo Jo Jo Jo 



where C is a positive constant, independent of t. Moveover, 



t rl ft 1-1 



\u\'^dxds <C, / / \ufdxds < C. (3.15) 
lo Jo Jo Jo 

Proof. Multiplying (l22])3 by p\u\^^'^u (p > 2) and integrating the result equation over [0, 1] with 
respect to x, 



f \u\Pdx + p [ h{Q)\u\P-\'^dx+p{p-l) [ c^Q^ 
Jo Jo 



d_ 

p{p — 1) / \u\^~'^Ux{cQydx + gp / \u\^^'^udx 
Jo Jo 



+'\ur\ldx 



< E^P-A j'^ c'Q^+'\ur-\ldx + cj^' \u\P'^^^-'Q^'<-'-^dx + gpj^^ \urUx 

< ^i^-lll r c'^Q^+^lulP^^ldx + C C \u\P'^dx + gp f \u\P-^dx, (3.16) 

2 Jo Jo Jo 

where we have used the fact 

^2,-eg27-e-i ^ a{cQf^-'-' < Cx"-'-^ < C. 
Then integrating ()3.16p over [0, t] with respect to t, one has 

C\u\Pdx + p f [\{Q)\u\P-\^dxds + 'E^^^ f f c^Q^+'^\u\P-^uldxds 
Jo Jo Jo 2 Jo Jo 

pi pt p\ pt pi 

< / |noRx + C7 / / \u\P-^dxds + C / / \u\P-^dxds. (3.17) 
JO Jo Jo Jo Jo 

Now taking p = 4 in (j3.17p . we have 

1 pt pi pt pi 

\u\^dx + 4. / / h(Q)\u\^u'^dxds + 6 / / Q'^^^ \u\'^ uldxds 







4 / / h{Q)\u\^u^dxds + 6 [ [ c^Q^^ 
Jo Jo Jo Jo 



t fl 

3. 



< C / / \u\''dxds + C, (3.18) 
Jo Jo 

where we have used Lemma 3.4 and the assumption (^2)- 

Next we must estimate the first term of the right-hand side in (jS.lSp by using the same 
method as Lemma 3.4. Since u{l,t) = 0, we have 



\u\ 2 < 



1 , 1 

2 



[ {\u\'hydy <C [ \u\'2\uy\dy <C ( [ c^Q^+'^uldyV ( [ c''^ Q-^~^ \u\dy 

Jx Jx \Jo J \Jx 
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It is easy to see 



1 / /■! \ / rl rl 



j c-^Q-^-^\u\dydx^ 
< C (^j^ c'^Q^+^uldy^ (^j^ cicQy^-'^luldydx^ 



< C c'Q'+'uldy^ 1^1^' y-'l^+^'luldydx 
<c( f c^Q^+\ld^ ( [ [ y'^^^^dydx) ' ( / u^dx 



Jx 



< C I c^Q^+^uldy ( / uUx 

where we have used ^ < (| + 0)7 — 1. 

Integrating p.l9p over [0,t] and using (13. 4p . we get 



/ / \ufdxds <C sup ( [ u^dxY [ [ c^Q^^^ldyds 
Jo Jo t>o \Jo J Jo Jo 

< Ceo sup I / u'^dx 

t>0 \Jo J 



Substituting into (pnS|) . we have 

ft 1-1 ft f\ 



/ \u\^dx+ / / h{Q)\u\^u^dxds+ / / c^Q^+^\u\'^uldxds 
Jo Jo Jo Jo Jo 



< C + Ceo sup I / u'^dx 
t>o \Jo 



Young inequality and ()3.2ip imply that 



\u\^dx < C. 







Substituting (l3:22]l into (f3:20D . we have 

-t /.I 




\urdxds < C. 



JO 



Combining (|3.18|) and (|3.23|) . we have 

u\^dx+ ! [ h{Q)\u\^u^dxds+ [ [ c^Q^+'^lul^uldxds <C. 
Jo Jo Jo Jo 



Taking p = 5 in (I3.17P , we have 



pi pt pi pt pi 

/ \ufdx + 5 / h{Q)\u\^u'^dxds + 10 / c^Q^+^\ufuldxds 
Jo Jo Jo Jo Jo 

pi pt pi pt pi 

< / \uofdx + C / / \ufdxds + C / / 
Jo Jo Jo Jo Jo 



ul^dxds. 
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In order to complete the proof of Lemma 3.5, it suffices to estimate the third term of the 
right-hand side in (j3.25p by using the same method as Lemma 3.4. In fact 



{\u\^)ydy 



< C I \u\\uy\dy <C{ I c^Q^+^uldy 



c-'Q-'-'u^dy 



which imphes 

lul^dx < C 



j\u\''dx<c(^j\'Q^+'uldy^ 



<C[l c'Q'^'uldy 



< C 



< C 



c^Q^^\ldy 



c'Q'+'uldy 







1 X 






(1+9) 




7 


1 X 






5{i+e) 






IX 




ufdx 


2 

r. 



'"u^dydx 
3 dydx 



\u\^dx 



Here we have used ^ < (| + 0)7 — 1. 

Integrating (j3.26p over [0,t] and using (j3.4p . we get 



t rl 



Jo 



\u\'^ dxds < C sup [ / \ufdx 



t rl 



JO 



c^Q^+^ldyds 



2 

1 \ 5 

5, 



(3.26) 



(3.27) 



(3.28) 



(3.29) 



< Ceo sup I / \u\ dx 
t>o \Jo 

Substituting (j3.27p into ()3.25p and using (j3.23p and Young inequahty, we have 

\ufdx < C. 

Jo 

Substituting (|3:28]l into ^23), we have 

/ [ \u\'^dxds < C. 
Jo Jo 

([3:25]) . ([3:23]1 and ([3:29]) imply (l3H]l . This completes the proof of Lemma 3.5. 
Lemma 3.6. Under the conditions in Theorem 2.3, it holds that 

/ u^dx+ / h{Q)\u\ufdxds+ / Q'^+'^ ultdxds < C , (3.30) 
Jo Jo Jo Jo Jo 

where C is a positive constant, independent of t. 

Proof. Differentiating d^TJIls with respect to t, multiplying ut and integrating over [0, 1] about 
X, we have 



1 d 

2di 



ufdx+ / {{cQy)xtUtdx = / {c^Q^^^Ux)xtUtdx - / {h{Q)u\u\)tUtdx. (3.31) 
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Using the boundary conditions (j2.4p . and integrating by parts, we have 



/ {{cQy)xtUtdx = - {{cQy)tUxtdx = -7 / c<Q'^ ^Qtu^tdx = jpi / c' Q'^^^u^Uxtdx, 
Jo Jo Jo Jo 

(3.32) 



and 



[ {c^Q'+^u,)^tUtdx = - [ { 
Jo Jo 



{c" Q^^^ Ux)tUxtdx 



1 /■! 

c\Q^+%tu^j,u,^tdx - / c^Q^+^ul^dx 
Jo 



= (1 + e)pi [ c^Q^^\lu^tdx - [ c^Q^^\ltdx. (3.33) 
Jo Jo 

Substituting (|3.32p and p.33p into (|3.3ip . and using Cauchy inequality, we get 

~ [ u^dx+ [ c'^Q^'^^ultdx + l [ h{Q)\u\ufdx 
2 dt Jq Jq Jq 

= (1 + 9)pi [' c'Q^+'ulu^tdx - jpi C c^Q^+^^u^tdx + 2fpf f f 
Jo Jo Jo U + vj 

<1 [\^Q^+\l^dx + C f\'Q'+\Ux + C f c^^-'Q^^-'+^ldx 
2 Jo Jo Jo 



u\u\UxUtdx 



+ / hiQ)\u\utdx + C [ 
Jo Jo 



/i(Q)(?+Q)6'''''''''^''' 



which implies 



I i3 2 I 
u\ u^ax 



Ijtl + c^Q^+VA + ^ h{Q)\u\uUx 

<C j\^'^-'^Q^^-<^+^uldx + C j\'Q<^-'^uldx + C (1 + Q)4-' 

<C [\c'^-^'Q'^-'')c'Q'+'uldx + C l\'Q^+\l{Quxfdx + C [\-'Q'-'c'Q'+'\ufuldx 
Jo Jo Jo 

<C [ c^Q^+\ldx + C [ c'^Q^^'^uliQu^fdx + C ! c^Q^+^pn^dx, (3.34) 
Jo Jo Jo 



where we have used the fact 

c-^Q^-^ < Cx— " < C, 
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which fohows from 6 < 1 — and (j2.6p . By (|2.6p and Lemma 3.5, we get 

utdy + {cQy - [cQ^y + h{Q)u\u\dy\ 

< C(cQ)-2^ I utdy^ + (cQf^ + (cQoo)'^ + /i(g)«|u|o?y^ | 

< CicQy^'^x [ ufdx + C{cQf^'^^ + C{cQy^^x^ + C{cQ)-^^x [ u^dx 

Jo Jo 

<C [ ujdx + C. (3.35) 
Jo 

Here we have used the fact 

{cQy^^x < Cx^-^ < C, 
which fohows from 9 < —. Then it follows from ()3.34p . ()3.35p and Lemma 3.5 that 



d_ 

lit 



[ ufdx+ [ c'^Q^'^%ltdx + 2 [ h{Q)\u\ufdx 
Jo Jo Jo 



JO JO 

1 rl rl 



< C / c'^Q^+^uldx / u^x + C / c^Q^+^uldx. 
Jo Jo Jo 

According to assumption {A3), and taking care of (|2.2p ci. we obtain / uf{x,0)dx < C. Then 

Jo 

Gronwall inequality and (j3.4p imply that 

^ n^dx <C + Ce^v{c c^Q^+\ldxd^ < C, 

and ()3.30p follows. This proves Lemma 3.6. 

Corollary 3.7. It follows from (13:30]) and ([OS]) that 

\\Q'"'x\\l'^{[o,i]x[o,oo)) ^ C", (3.36) 
where C is a positive constant, independent of t. 

Lemma 3.8. Assume the conditions in Theorem 2.3 hold, and let /3 be a fixed constant, 
(i) if /? > 0, then 

r f\i^Qy - icQooDiicQ)" - {cQ^f)dxds < C, (3.37) 
Jo Jo 

(h) if /3 G ly, then 

r l\i<^QT' - {cQo.y){icQooy^ - {cQyP)dxds < C, (3.38) 
Jo Jo 

where C is a positive constant, independent of t. W = (0,2(1 — 7a)] n (0, (Izf^l^+lz^j. 
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Proof. We only prove (ii) here, since the proof of (i) is almost the same with the later. 
Due to (13.21). we have 



i fl 




'{{cQy - (cQoo)^)((cQoo)"^ - {cQy^)dxds 



JO 



1 



t fl 




dpi Jo Jo 



\icQ)')tiicQoo)-^ - {cQr^)dxds 



t fl 



{{cQ oo)~ ^ - {cQy^) i^j udyj dxds 

h{Q)u\u\dy] {{cQooy^ - {cQ)-^)dxds 



10 Jo \Jo 
h+h+h, 



where 



t fl 



h = -—. I I {{cQf)t{{cQ^)-l' - {cQr^)dxds 
Pid Jo Jo 



\ [\icQof - {cQ)'){cQoor^dx + - C [\cQf-^-\cQ)tdsdx 
Pi(^ Jo Pi Jo Jo 



By using {Ai), (|2.6p and (j3.6p . one easily gets 



(1) 



0-13 

< C / x~dx < C, 



provided /3 < 6* + 7. 



(2) 



Next we estimate by two cases. 



Case 1: p^O. 

In this case, if /3 < ^ + 7, similarly to (j3.39p . we have 



r(2) 



1 



Pi{0-P) Jo 



{{cQf-P - {cQof-^)dx 



< C. 



Case 2: 13 = 6. 

In this case, also by (^)i, ()3.6p . we have 



r(2) 



-/ {\n{cQ) -\n{cQo))dx <C [ \lnx\dx<C. 
Pi Jo Jo 



Hence, if /3 < + 7, we have 
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Now we estimate I2 as follows: 



+ 



((cQoo)"^ - {cQ)-^) i^J^ udyj dx + {{cQ^r^ - {cQo)-^) ( / u^dy ] dx 
^*^\(cQoo)-^ - {cQr^)t [£^dy^ dxds 



, j{2) 



where 



-'2 




-i 









{{cQoo)-^ - (cQ)-") ( / udy^ dx + j\{cQ^)-^ - (cQo)"'') ( / ^ody ) dx 







1 

< C X 'I x'2 



<C x2 ~dx < C. 
'0 



Here, /3 < §7, (Ai), ([M]), ([M)), dSS]) and Holder inequality were used. 
Prom (I22])2, Holder inequality, ([331), dSj]) and (IXT2]) . we have 



r(2) 



{{cQ 00)- ^ - icQ)-^)t ( udy]dxds 



10 JO 
rt /-l 







<C I I c-'^Q^-'^\u^\xU u^dy] dxds 
Jo Jo \Jo 



<C{ f xc-'~'^Q'-'-'^c'Q'+'uldxds 



J J u^dxds^ 



<C sup (xi-"(cQ)^-^-2'^)5 

[0,1] X [0,00) 

<C, 



t fi 




21/ / c^Q'+^uidxds 
JO 



provided /3< (i-^h'^+i . 
Next, we estimate I3, 



h = r /Y r ) ((cQoo)-'^ - (cQ)"'^)(ixds 



< 



dxds 



Because of the similarity of I^^ and /g'^^ , we only estimate one of them, 



< 



sup 



/3 --2a' 



u^dxds < C, 



^0 



(3.41) 



(3.42) 



(3.43) 



(3.44) 
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provided /3 < 2 — 27a. 



7 > 1 and 61 G (0, ^]n(0, 7-l]n(0, 1-07] implies that 1-07 G (0, 2(l-7Q)]n(0, (i-^h+i-^ jp 
(0,7 + 9) n (0, 17) = (0,2(1 - 7a)] n (0, (i-"h+i-e ]_ Hence, W is not empty, it follows from 
(1339]) - (fOI] ) that (|338]) holds. This completes the proof of Lemma 3.8. 

In the next lemma, we give the uniform estimate of the derivative of the function (cQ){x,t) 
in a appropriate weighted space which is a little different from [HI [26] . Similar estimate for 
Navier-Stokes equations has been established by Zhang and Fang in [8] for 6* G (0, 7 — 1) H (0, 
by Zhu and Zi in [26] for 6* G (0, 7 - 1] n (0, 



Lemma 3.9. Assume the conditions in Theorem 2.3 hold, then 



1 (2+q)7-9-1 (3+Q)7~2fl-l 

X ^ {{cQf - [cQ^)^)ldx + / / X ^ {{cQf - {cQ^f)ldxdt < C, (3.45) 
Jo Jo 



where C is a positive constant, independent of t. 

Proof. From ()3.3p and ()2.6p . we get 

{i{cQ)\ - ((cQoo)^)x + epiu)^ + jpi{cQy-' {{{cQ)% - {{cQo.)\ + 9piu) 
= epi^icQT'-'u + epig (1 - ffj^;!, ) - 0pi/i(Q)n[7x|. (3.46) 



Multiplying (|3.46|) by x 1 {{{cQ) )x — {{cQ 00) )x + dpiu) , and integrating the result equa- 
tion on [0, 1] X [0,t], we get 



1 (2+q)7-9-1 / n2 



2 







X ^ ( ((cQ)^)^ - {{cQoo)% + epiuj dx 



+7PZ (cQ)^-^x ^ (((cQ)^).-((cQoo)')z + %nj dxds 



1 (2+0)7-9-1 



2 



(2 + Q)7-9-l / \ ^ 

X '< (((cQo) )x - ((cQoo)^)x + %^toj 
* x''^^'"'" (((cQ)'). - ((cQoo)')x + ^P/n) (^/.^(cQ)^-^ + Qpig (1 - (^^^) ) 



'0 ./o 

/*/ 

'0 Jo 



X '< (((cQ)^)x - ((cQoo)^)x + Qpiv) {-epihiQ)u\u\)dxds 
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Iff a (2+^)7-9-1 /a a \2 

<C + -ipi-j^ {cQfx ^ [{{cQ)\ - {{cQoo)\ + epiu) dxds 

(cQoo)T 



+C /* [\cQr<-'x '^'^^"~'~\ ''dxds + C f C x '^"''"~'~\ cQY-'< (l - .^""^^l ' ) dxds 




JO JO JO 



+C / / X ^ {cQy-^h\Q)u^dxds 
Jo Jo 

1 /■* /"^ (2+^)7-9-1 / fl \2 

<C + -j^j^ 7PiicQr-'x ^ (((cQ)^). - ((cQoo)')x + epiu) dxds 

ft rl (3+c)7-29-l „ ft /"l (1-^)7+1 „ 

+C / X ^ u^dxds + C / X ^ ((cQf -(cQooD dxds 
Jo Jo Jo Jo 

-C I I X 7 n dxds, 



'0 JO 

which imphes 



/■I (2+q)7-9-1 / „ „ \2 

X - [{{CQ)%:, - {{cQoof)^ + 9piuj dx 

[cQy-'x'^"^"^'"'' {{{cQ)\ - {{cQoo)% + epiufdxds 



JO 



t rl (3+c»)7-29-l /■* /•! (l + a)7-l 



< C + C X 7 u^dxds + C X 7 u^dxds 

Jo Jo Jo Jo 

rt rl 



where 



A{x,t) 



(2 + a)7-e-l r, 

X 7 (cQ)^-^(cQoo)^^-^^ {(cQoo)^-^ - {cQr-'Y 
{{cQp - (cQoo)n {(cQo.)-^ - (cQ)-n 



{{cQp - {cQoop} {{cQy - (cQoo)n 

It is easy to see that 

(2 + a)7-e-l 

\A{x,t)\ < Cx ^ (cQoo)''-2^+' 



< Cx 

— 7 



(2+a)7-e-l+/3-27+e 



(3.47) 



+ ^ ^ A(x, t) {(cQ)^ - (cQoo)n {(cQ)"^ - (cgoo)-^} dxds, (3.48) 



provided /? = 1 — 07. Here we have used Lemma 3.4 and (j3.15p . Taking /3 = 1 — 07 in (|3.38p . 
and using Lemma 3.8, we obtain (j3.45p immediately from ()3.48p . 

This completes the proof of Lemma 3.9. 



Convergence Rates to Stationary Solutions of a Gas-liquid Model 



19 



4 Asymptotic behavior 

In this section, based on the a priori estimates obtained in Section 3, we will consider the 
asymptotic behavior of the solution {{cQ){x,t),u{x,t)) to the initial boundary problem (j2.2p - 
(j2.4p . We will show both (cQ){x,t) and u{x,t) converge to the stationary state uniformly as 
t oo. 

To apply the uniform estimates obtained above to study the asymptotic behavior of (cQ)(x, t) 
and u{x,t), we introduce the following lemma (cf. [IS [3 [2]), and omit the details of the proof. 

Lemma 4.1. Suppose that y G Wl^^iR'^) satisfies 



y = yi + y2, 



and 



\y2 



on 



1=1 



i=l 



where yi G W,^'^(M+), lim yi(s) = and a^, /3j G LP'(M+) for some pi G [l,oo), i = 1, • • ■ ,n. 

s— >+oo 

Then 

lim y{s) = 0. 

Proof of Theorem 2.3. 

At first, we consider the convergence of u{x, t). To this end, motivated by [TB], we introduce 
a function of t as follows: 



f{t)= f\'Q]^\ldx. 
Jo 



Then by Lemma 3.2 and Lemma 3.3, we get 

\f{t)\dt 







JO 



c^Q^o^ uldxdt < C. 



Furthermore, by Lemmas 3.2, 3.3, 3.6 and Cauchy inequality, we have 





df{t) 


roc /" 

dt< 


Jo 


dt 


Jo Jo 



roc /"l roc /"l 

dt< / c^Q]^\ldxdt+ / / c^Q]^\l^dxdt<C^ 
Jo Jo Jo Jo 



It follows from Lemma 4.1 that 

lim f c^Q]^\ldx = Q. 

t->00 Jq 

Therefore, by Holder inequality, we have for x G [5, 1] with < 5 < 1, 



u{x, t) 



Uz{z, t)dz 



1 s 1+9 e 
c2Qo^ Uz{z,t)c '^Qoo^ dz 



< 



c"Q]^^ul{x,t)dx 



<C{ I c"Ql^'ul{x,t)dx 



c-'Q-J^+'^dx 
0, 



(4.1) 
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as t ^ oo, i.e., 



Furthermore, when 5 = 0, 



hm sup u{x, t) = 0. 



(4.2) 



Jo Jo 



X T ^"dx < C, 



provided < 7 — 1. Thus, when < 7 — 1, we have 

hm sup u{x, t) = 0. 



t— >-oo 



a;e[0,l] 



(4.3) 



Next we consider the convergence of {cQ){x,t). Firstly, we shah show that {cQ){x,t) tends 
to the stationary state {cQoo){x) in the sense of integral as i ^ 00. The similar conclusion for 
Navier-Stokes equation was obtained in |8j and [2] before. 

Taking /3 = 7 in (I3.37P , we have 



\{cQy - {cQooVfdx e lH 



On the other hand, it is easy to see that 



I / {{cQv - {cQoorfdx 



2{{cQy - {cQooV)lc^Q"''~^Qtdx 



{{cQy - {cQ^r<)c^Q'<+^u^,dx 

1/2 / .1 




<cl^j\^^-'Q^'<+^-'dx^ 
<c(^j\'^-'Q'^~'dx^ 
<c(^j\'Q^+'uldx 



Q^+'uldxj 

1/2 / ^1 ^ 1/2 

c^Q^+^uldx 



1/2 







Then (ji^ . ([i3]) and Lemma 4.1 yield 



i— )-oo 



lim / {{cQy -{cQooyfdx = 0. 



Consequently, 



{cQ - cQoof^d^ 



' {cQ - cQ^f^ 



;i{cQy - {cQ^yfdx 



<C [ {{cQy - {cQooVfdx ^0, as t ^ 00. 
Jo 

For q S (0, 27), we have from (j4.7p and Holder inequality that 

^ \cQ - cQ^\Ux <c(j^ (cQ - cQoof^da 



1 

27 



(4.4) 



(4.5) 



(4.6) 



(4.7) 



(4.8) 
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On the other hand, for q E (27, 00), we have from (j2.6p and p.6p that 

/ \cQ - cQoo\'^ dx = \cQ - cQooT"^''' (cQ - cQoof^'da 
Jo Jo 

<C [ {cQ- cQoof^dx 0. 
Jo 



(4.9) 



Hence, by (jMl) and (jM]), we get 

\\{cQ - cQoo){-,t)\\Li ^ 0, asi^oo, ge(0,oo). (4.10) 

We are now in a position to show the uniform convergence of {cQ){x,t). To this end, choosing 
a positive number k large enough, which is to be determined later, applying Holder inequality, 
iHM and dM]), we have by (cQ)(0,t) = (cQoo)(0) = 

0<\{cQ)'{x,t)-{cQ^y{x)\' 

< k r \{cQ)' - {cQ^)'\'-'\{{cQf - {cQ^fUdy 

Jo 

< k (^j\cQoo)-''\{cQf - (cgoo)T'"'dx) ' (yj\cQooT{{cQf - {cQoo)')ldx 
= k ( l\cQ^)-''\{cQf - (cQoo)'l^l(cg)^ - (cQoo)T''''^^^^^ ' 











^ 1 
(cQoo)''((cQ)' - {cQoo)')ldx^ ' 

1 1 

1 \ 2 / /■! \ 2 



<Ci^J^ \{cQY -{cQooYr-'-^dxj ^J^icQoonicQf -{cQoontdxj , (4.11) 

where ry = (2 + a)j — 6 — 1. Note that 

\{cQf - (cQoo)^l < C\cQ - cQoor'"^'-'^ = C\cQ - cQ^f. (4.12) 
Now letting 2fc - 2 - 2 > 0, we deduce from (f4T0]) and (liHI) that 

lim {cQf{x,t) - {cQ^)%x) ^ = 0, (4.13) 
uniformly in x E [0, 1], and (I2.10p follows. This completes the proof of Theorem 2.3. 

5 Stabilization rate estimates 

In this section, using the method in 0, we will give the stabilization rate estimates of the weak 
solution ((c(5)(2;, t), n(x, t)) under the condition E (0,7 — l)n(0, ^]n(0, 1 — 07]. Compared with 
the corresponding results in [H [26] , the only difference is that we must deal with the frictional 
force —h{Q)u\u\. 
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Lemma 5.1. Assume the conditions in Theorem 2.3 hold, we have 

^ (u^+x^'^cQ-cQoo)^^dx<r^^, Vt>0, (5.1) 

and 

/ / (1 + tyQ^^^uldxdt < C. (5.2) 

Proof. Multiplying (j2.2P '^ by {l+t)u, integrating the result equation over [0, 1] x [0, t], integrating 
by parts, we get 

r (\u'+ f"^ ^la^L^^^dh] dx + f f\l + syQ'+'uldxds 
Jo V2 Jq^ Pih^ ) Jo Jo 

+ [ [ {I + s)h{Q)u^\u\dxds 
Jo Jo 



10 JO 







2 Jq^ Pih^ J Jo Jo V2 Jq^ Pih^ 



t rl ^ 



<C + C / X— +"((cQ)^ - (cQoo)^)((cQoo)~^ - (cQ)-'5)dxds, (5.3) 

Jo JO 

where we have used p.4p . Lemma 3.4 and the following fact 

( Qoo) j ^^^g 



JO 



<C [' [' Q^^\Q - QooWicQr - {cQoor\dxds 

JO JO 

<C [ [ c{cQo^)-^\cQ-cQoo\\{cQy -{cQooy\dxds 
Jo Jo 



t rl ^ 



<C / X— +"((cQ)^ - (cQoo)^)((cQoo)~'' - {cQr^)dxds. 
Jo Jo 

Choose /3 = 1 — 07, then (j5.1|) and (j5.2p are immediately obtained from Lemma 3.8. This 
completes the proof of Lemma 5.1. 

Corollary 5.2. Assume the conditions in Theorem 2.3 hold, we have 

[ [ {l + s)\u\'dxds <C, i = 2,3,4. (5.4) 
Jo Jo 

Proof. The result can be easily obtained by p.l3p . (13.19p . (13.26P and Lemma 5.1 and the details 
are omitted. 

Corollary 5.3. Assume the conditions in Theorem 2.3 hold, we have 

f [\l + s)x-^+°((cQ)^ - {cQooVfdxds < C. (5.5) 

JO JO 
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Proof. Due to (|2.2p -:i. we have 



Jo Jo 

= £ J\l + s)x-^'"'{{cQy - (cQooV) (- ntdy^ dxds 

+ j\l + s)x~^+°((cQ)^ - {cQooV) h{Q)u\u\dii^ dxds 

+ f [\l + s)x-^+°((cQ)^ - icQoor){c'Q'+'u,)dxds 
Jo Jo 

= Jl + J2 + J3. 

Next, we estimate terms on the right hand side of the above equality as follows: 

Jl = y x'^^'^iicQoy - {cQooV) (^j^ uody^ dx 

-(1 + t) y' x-^+"((cQ)^ - (cQ^y) udy^ dx 

— J J (1 + 5)3; ~ ^^^pic^ Q^'^^Ux (^j udy^ dxds 



<y 2;^"^+^+" uldyY dx + {1 + t) x^"^+^"^+"(cQ-cQoo)^ u^dyY dx 

■t (-1 / ex \ rt rl 



+C [ [ ( [ u'^dy^ dxds + f [ x^''^^^^''{{cQy - {cQooyfdxds 
Jo Jo \Jo J Jo Jo 

+C f [\l + s)c'Q'+'uldxds + C f + s)x'-'^+'''c'^~'Q^''-'+' ( [\^dy) 
Jo Jo Jo Jo \Jo J 



dxds 



<C + C{l + t) [ x^'^cQ -cQ 00 f dx + C [ [ u^dxds 
Jo Jo Jo 

+ f C x'-^'^^^''-^{{cQy -{cQooyWQf -{cQ^f)dxds 
Jo Jo 

+C + u^dy^dxds 



(5.6) 

where we have used (|3.4|) . Lemma 3.4, Lemma 5.1, Corollary 5.2 and (3 = 2(7 — 1 — 6 + 07) > 
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in Lemma 3.8. 



4 



JO 



-7/ / (1 + s)a;~^^"((cQr - (c(3oo)^)^rfa;cis + C7 /" /" (1 + s)7/^(ixds 
< 7 r /V + s)x~^+"((cQ)^ - {cQ^y fdxds + C, 

4 Jo Jo 

where we have used Young inequahty and the fact ^ < 7 — 1 in Corollary 5.2. 
By using Young inequality and Lemma 5.1, we have 



h< \ f !\l + s)x-'-^+"{{cQy - {cQ^y fdxds 
4 Jo Jo 

+C f l\l + s)x-'-^+^[c'Q^+'yQ^+'uldxds 
Jo Jo 

t /■! 



1 



Jo 



Then from (j5.6p . ()5.7p . (|5.8p . we complete the proof of Corollary 5.3. 



Lemma 5.4. Assume the conditions in Theorem 2.3 hold, we have 



and 



+ {{{cQ)\ - {{cQoofyy dxdt < C. (5.10) 




JO 



(5.7) 



<-/ I il + s)x-—+''{{cQy -{cQooy)^dxds + C. (5.8) 



y"'x3-'^+"(((cQ)^),-((cgoo)').)'dx<^, Vt>0, (5.9) 



Proof. Multiplying (IXIUD by (1 + s)x^ 7 (((cQ)^)x - ((cQoo)^)x + and integrating 
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it on [0, 1] X [0,t], we obtain 

^(1 + t) x=^-^+" {i{cQ)% - ((cQoo)')x + 9piu) ' dx 

lo lo^^ ^ s)x3-^+"(cQ)^-^ {{{cQ)\ - {{cQoo)\ + epiufdxds 

+1 1^ x='"^+" {{{cQfh - i{cQoo)% + 9piu^ ' dxds 
+ 1^ (1 + ({{cQ)% - ((cQoo)')x + epiu^ OphicQV'udxds 

+ y^\l + (((cQ)^). - ((cQoo)')x + Opiuj {-epih{Q)u\u\)dxds 

^+11^1^^ + s)x^~^^''7Pi{cQy-' [{{cQ)\ - {{cQoofh + epiu)\xds 



+Opig 




JQ 

t /.I 



* 29+1 



+C {l + s)x-'-—^"{cQy-''u'dxds 

Jo Jo 



dxds 



+C f [\l + s)x^-^-^'^{cQ)'^-^h\Q)uUxds, 
Jo Jo 



(5.11) 



where we have used Lemma 3.9 and the assumption (A2). 
By using Lemma 3.3, Corollaries 5.1 and 5.3, we get 

r [\l + .)x^-^-^"(cQ)^- ( 1 - ^-^] ' dxds 
Jo Jo \ {cQ)V ) 

<C f [\l + s)x-^+"((cQ)^ - {cQ)l,fdxds < C, (5.12) 
Jo Jo 

and 

(1 + s)x^~^^''{cQf'^h'^{Q)u'^dxds <C [ [ {1 + s)u^dxds < C. (5.13) 

Jo Jo 

Prom (15.1ip - (15.13p . we obtain (15. 9p and (I5.10p and the proof of Lemma 5.4 is complete. 

Following the same ideas in Proposition 6.3 of [8J, we can estimate the stabilization rate of 
u{x, t) in the sense of L°° norm under the conditions of Theorem 2.4. 

Lemma 5.5. Assume the conditions in Theorem 2.3 hold, we have 

c^Q^+\ldx < V t > 0, (5.14) 




JQ 
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and 

/ / {l + t)ufdxdt <C. (5.15) 
Jo Jo 

Proof. Multiplying (j2.2p q by {l+s)ut, integrating the result equation over [0, 1] x [0, t], integrating 
by parts, we get 

/ / {l + s)ufdxds— / / {1 + s){cQyutxdxds 
Jo Jo Jo Jo 

= -li^ + t) [ h{Q)\ufdx + l [ h{Qo)\uo\''dx 
•J JO -J Jo 

-^pi [ [ {l + s)h'{Q)Q^\ufuxdxds + l [ [ h{Q)\ufdxds 
'J Jo Jo -J Jo Jo 

-[ f {l + s){cQooVutxdxds- ! ! {l + s){c^Q^+\x)utxdxds. (5.16) 
Jo Jo Jo Jo 

The last term on the right-hand side in (|5.16p can be estimated as follows: 



I I {l + s){c^Q^+^Ux)utxdxds 
Jo Jo 

1(1 + t) c'Q'^'uldx + \ c'Ql^'uldx 

-II c^Q^^'^uldxds--{l + 9)pi I I {l + syq'^+'^uldxds. (5.17) 
Jo Jo 2 Jo Jo 



+ 

Substituting (|5.17p into ()5.16p . we get 



I I {1 + s)u^tdxds + ]-{! + 1) I c^Q^^'^uldx + hl + t) /" h{Q)\u\^dx 
Jo Jo 2 Jo 3 Jo 

\l h{Qo)\uofdx-lpi I I {l + s)h'{Q)Q^\ufua,dxds + l I /" h{Q)\u\^dxds 
•J JO o Jo Jo -J JO JO 

II c^Ql+\lJx + ]- I I c^Q^+%ldxds-l{l + 9)pi I /" {I + s^Q^+'^uldxds 
2 Jo ^ Jo Jo 2 Jo Jo 



+ 



+ r + s){{cQ)^ - {cQ^y)utxdxds 
Jo Jo 

i=7 



i=l 



(5.18) 

It is easy to see Ki + + + < C from the assumption (^2); Lemma 3.2 and Lemma 3.5. 



ft rl n3. 

10 Jo 



K2<C I I (l + s)j:^^-^\uf\u,\dxds 



<\\Qux\\l^ I I {l + s)\u\^dxds <C, 
Jo Jo 

where we have used ||Qna;||ioo < C and Corollary 5.2. 



—-^\u\' lUxiaxas 

(5.19) 
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By using ^ C and Lemma 5.1, we have 

Kg < CWQu^Wl^ [ /" (1 + s)c^(5^+%^(ixds < C. (5.20) 
Jo Jo 

In order to complete the proof of Lemma 5.5, it suffices to estimate of the right-hand side 
in (f5l8]l . 

K7 = {1 + t) !\{cQV - {cQooDu^dx - [\{cQor - {cQ^y)u^^dx 
Jo Jo 

+1PI I / (1 + s)c^Q^+^uldxds -II {{cQy - {cQooV)u^dxds 
Jo Jo Jo Jo 

< hi + t) I' c'Q'+'uldx + C{1 + t) l\{cQy - {cQooyfc-'Q-'-'dx 

4 Jo Jo 

+ I {{cQoy - {cQooVfdx + I ulJx 
Jo Jo 



+1PI f r {cQy-'{l + syq'+'uldxds + f l\{cQy - {cQooVfc^'Q-'-'dxds 
Jo Jo Jo Jo 



+ 11 c^Q^+'^uldxds 
Jo Jo 



<C + C{l + t) l\{cQy - {cQooVfc-^Q-^-^dx 
Jo 



+ r l\{cQy - {cQoorfc-^Q'''^dxds. 

Jo Jo 

(5.21) 

Here, we have used Lemma 5.1, the assumption {A2) and Lemma 3.2. The rest two terms on 
the right-hand side of (|5.2ip can be estimated as follows: 

C{l + t) C {{cQy -{cQooyfc-^Q'^''^dx<C(l + t) l\cQ -cQ oof x^-'-T^dx 
Jo Jo 



/"I 3 

<C{l + t) / (cg-cQoo)V""dx 
Jo 



< C, (5.22) 
provided < 7 — 1. And if we take P = 'j — 9 — 1 in Lemma 3.9, we have 



r l\wy - {cQooyfc~^Q-'-^dxds 
Jo Jo 



t rl 




' I I'nll - (cQooyyicQy - {cQoof)dxds 

Jo i.cQ)P - [cQooY 

<C f l\{cQy - {cQooy){{cQ)^ - {cQoof)dxds < C. (5.23) 
Jo Jo 

Finally, from ([5J8|) - ([5:23]) we have 

/ / {I + s)uldxds + {I + t) I c^Q^^\ldx + {l + t) I h{Q)\u\^dx < C. 
Jo Jo Jo Jo 

This proves Lemma 5.5. 
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Proof of Theorem 2.4- 

Choosing a positive number m large enough, which is to be determined later, applying Holder 
inequality, ([IS]) and ([53]), we have by (cQ)(0,t) = (cQoo)(0,t) = 



0< \{cQy{x,t)-{cQ^y{x,t)f 

<m r \{cQf - (cQoo)T"'l((cQ)' - {cQ^fUdy 
Jo 



< C{1 + tr-2 x-'^+'^-'licQ)' - (cQ^fl'^'-'dx^ ' 



<C{l + t)-2\^J X ^ (x'~~{cQ-cQoo) jdx 

(5.24) 

Taking m = ^^^+^7"^ , then 26* + 2 - 47 + 6'(2m - 2) - 07 = 0. It follows from K2^ and ([SI]) 
that (I2I3]) holds. 

For the velocity function u{x, t), ()2.14p follows from (j4.ip and ()5.14p directly. This completes 
the proof of Theorem 2.4. 
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